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In this paper, the non-Markovian quantum dynamics of a coupled N-cavity model is
studied based on the quantum state diffusion (QSD) approach. The time-local Dio´si-
Gisin-Strunz equation and the corresponding exact master equation are derived for the
model consisting of a coupled cavity array. The resulting QSD equation serves as a
stochastic solution to a genuine N-partite continuous-variable (CV) system. Several non-
Markovian effects are studied in two interesting examples – two-cavity and three-cavity,
under different boundary conditions. We have shown that the environment-memory can
facilitate the cat-like state transfer from one cavity to another in the case of a strongly
non-Markovian environment.
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1 Introduction
The dynamics of quantum open systems is an important research topic in quantum optics,
quantum dissipative system and quantum information [1, 2]. Open system dynamics is also
essential for a deeper understanding of decoherence and implementation of quantum control
[3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]. While the theory of quantum open systems
in a Markov regime is well understood using the standard Lindblad master equations or the
corresponding Markov quantum trajectories [17, 18, 19, 20], the recent surge of interest in
non-Markovian phenomena requires a set of systematic theoretical tools for solving quantum
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dynamic problems in strong non-Markovian regimes. Among many recent research efforts in
developing a theoretical approach to the non-Markovian systems, the non-Markovian quantum
state diffusion (QSD) equation initially proposed by Strunz and co-workers [21, 22] provides a
very powerful tool in dealing with quantum open systems coupled to a bosonic environment.
Remarkably, the Dio´si-Gisin-Strunz QSD equation was derived directly from an underlying
microscopic model irrespective of environmental memory time and coupling strength. Sev-
eral physically interesting models have been solved using the non-Markovian QSD approach
ranging from one qubit [23], two-qubit [24], N -qubit systems [25], to multi-level systems
[26, 27]. Furthermore, as a computational tool in practical applications, the QSD approach
has also showed its potential value in many interesting problems including a theory of precise
measurement [28], quantum control dynamics [29], and quantum biology [30].
Up to now, most extant research on the non-Markovian QSD equations has been focused on
discrete-variable systems such as qubits, qutrits, spins etc. However, the non-Markovian QSD
approach for multiple continuous-variable (CV) systems is equally important since many CV
systems are known to have important applications in quantum information processing (QIP)
such as quantum teleportation, quantum error correction, quantum imaging, and quantum
computing [31]. Furthermore, the CV systems are an integral part of quantum dissipative
systems, non-equilibrium statistical physics and theory of quantum decoherence [3].
It should be noted that the systems composed of a single cavity or two coupled cavities
have been studied and the exact master equations have been derived by using the path
integral approach [9, 12, 13, 15, 10]. Recently, the N-harmonic oscillator case is also studied
by using the phase-space formalism [32, 33, 34]. The purpose of this paper is to derive the
non-Markovian QSD equation and the corresponding master equation for a coupled N -cavity
model. The coupled N -cavity model is an important model in QIP due to its relevance to
the quantum communication network schemes [31, 35]. As an interesting application, we
study several phenomena concerning quantum coherence transfer (approximate) assisted by
the environmental memory. Specifically, in the case of two-cavity example, we show that the
memory effect of a highly non-Markovian environment can be used to accomplish a transfer of
the so-called Schro¨dinger cat-like state between the two cavities contained in the cavity chain.
This phenomenon exists only in the strongly non-Markovian environment. Furthermore, in the
case of the three coupled cavities model, we study the cat-like state transfer and entanglement
transfer for different boundary conditions, and show that the dynamics of the system is
strongly dependent on the boundary conditions [36].
The paper is organized as follows: In Sec. 2, we derive the exact QSD equation and
the corresponding master equation for the coupled N -cavity model. Then, in Sec. 3, we
study a special example, the coupled two-cavity case. We show that the cat-like state can
be transferred approximately from cavity 1 to cavity 2 without any direct couplings. We
show that the cat-like state transfer can be accomplished only for a strongly non-Markovian
environment. Sec. 4 considers the coupled three-cavity example. We show that the quantum
dynamics (cat-like state or entanglement dynamics) will be significantly modified by the
boundary conditions. We conclude in Sec. 5.
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2 Coupled N-cavity in a finite temperature bath
We consider a coupled cavity array interacting with a common bosonic bath at temperature
T . The total Hamiltonian of the system plus environment can be written as,
Htot = Hs +Hb +Hint, (1)
where the Hamiltonian of the system is described by
Hs =
N∑
i=1
ωia
†
iai +
N∑
i=1
λi(a
†
iai+1 + aia
†
i+1), (2)
where ωi (i = 1, 2, ...N) are the frequencies for N cavities, and λi are the coupling constants
between ith cavity and (i+1)th cavity. Two types of boundary conditions for this model will
be considered. The first one is the periodical boundary condition (PBC), which means that N
cavities form a closed loop (i.e., aN+1 = a1). The other one is the open boundary condition
(OBC). Namely, the cavity chain has two open ends. We assume that all the cavities are
coupled to a common bath, which is composed of a set of harmonic oscillators bj, b
†
j .
Hb =
∑
j
νjb
†
jbj . (3)
The interaction Hamiltonian between the system and the environment is Hint =
∑
i,j
(kijb
†
jai+
k∗ijbja
†
i ). For simplicity, we assume that each kij = gj li is the product of two coupling
constants gj and li, then
Hint =
∑
j
(gjb
†
jL+ g
∗
j bjL
†), (4)
where the Lindblad operator L =
∑N
i=1 liai.
In the case of the finite-temperature bath, we can transform the finite temperature case
into an effective zero temperature model by introducing a fictitious bath [22, 37]. The non-
Markovian QSD equation for the finite-temperature case is given by
∂
∂t
ψt = (−iHs + Lz∗t + L†w∗t )ψt − L†
ˆ t
0
dsα1(t, s)
δψt
δz∗s
− L
ˆ t
0
dsα2(t, s)
δψt
δw∗s
, (5)
where z∗t = −i
∑
i fiz
∗
i e
iνit, w∗t = −i
∑
i h
∗
iw
∗
i e
−iνit are two statistically independent Gaussian
noises with fi =
√
n¯i + 1gi and hi =
√
n¯igi as the effective coupling constants. Here n¯i =
1
exp(h¯νi/kBT )−1 . The two Gaussian noises satisfy the following relations,
M [zt] =M [ztzs] = 0, M [ztz
∗
s ] = α1(t, s), (6)
M [wt] =M [wtws] = 0, M [wtw
∗
s ] = α2(t, s). (7)
where α1(t, s) =
∑
i |fi|2e−iνi(t−s) and α2(t, s) =
∑
i |hi|2eiνi(t−s) are correlation functions
for the two effective baths.
In order to deal with the functional derivatives in Eq. (5), It can be shown that the
following two operators can be used to replace the functional derivatives, O1(t, s, z
∗, w∗)ψt =
4 Title . . .
δψt(z
∗,w∗)
δz∗
s
and O2(t, s, z
∗, w∗)ψt =
δψt(z
∗,w∗)
δw∗
s
, satisfying the following equations,
∂
∂t
O1 = [−iHs + Lz∗t + L†w∗t − L†O¯1 − LO¯2, O1]− L†
δ
δz∗s
O¯1 − L δ
δz∗s
O¯2, (8)
∂
∂t
O2 = [−iHs + Lz∗t + L†w∗t − L†O¯1 − LO¯2, O2]− L†
δ
δw∗s
O¯1 − L δ
δw∗s
O¯2, (9)
where O¯i =
´ t
0 αi(t, s)Oi(t, s, z
∗, w∗)ds (i = 1, 2). According to Eqs. (8-9), the exact O
operators for the N -cavity model can be determined as
O1(t, s, w
∗) =
N∑
i=1
pi(t, s)ai +
ˆ t
0
q(t, s, s′)w∗s′ds
′, (10)
O2(t, s, z
∗) =
N∑
i=1
xi(t, s)a
†
i +
ˆ t
0
y(t, s, s′)z∗s′ds
′, (11)
while the coefficients satisfy the following equations
∂
∂t
pi(t, s) = iωipi(t, s) + i[λipi+1(t, s) + λi−1pi−1(t, s)]
+
N∑
j=1
l∗jpj(t, s)Pi(t) +
N∑
j=1
lipj(t, s)Xj(t)− liY (t, s), (12)
∂
∂t
xi(t, s) = −iωixi(t, s)− i[λixi+1(t, s) + λi−1xi−1(t, s)]
−
N∑
j=1
l∗i xj(t, s)Pj(t)−
N∑
j=1
ljxj(t, s)Xi(t)− liQ(t, s), (13)
∂
∂t
q(t, s, s′) =
N∑
j=1
l∗j pj(t, s)Q(t, s
′), (14)
∂
∂t
y(t, s, s′) = −
N∑
j=1
ljxj(t, s)Y (t, s
′), (15)
where Pi(t) =
´ t
0 α1(t, s)pi(t, s)ds, Q(t, s
′) =
´ t
0 α1(t, s)q(t, s, s
′)ds, Xi(t) =
´ t
0 α2(t, s)xi(t, s)ds,
and Y (t, s′) =
´ t
0 α2(t, s)y(t, s, s
′)ds, with the initial conditions pi(t, t) = li, xi(t, t) = l∗i ,
q(t, t, s′) = y(t, t, s′) = 0, q(t, s, t) = −∑Nj=1ljpj(t, s), and y(t, s, t) =
∑N
j=1 ljxj(t, s).
The coupled cavity model leads to two noise-dependent O operators, hence the derivation
of the exact master equation from the exact QSD equation is highly non-trivial. By using
the Heisenberg approach [38] we can show that the exact master equation takes the following
form,
∂
∂t
ρ = −i[Hs, ρ] + {
∑
ijk lil
∗
kFi,j(t)[ajρ, a
†
k] + lil
∗
kGi,j(t)[ρaj , a
†
k]
+l∗i lkUi,j(t)[a
†
jρ, ak] + l
∗
i lkVi,j(t)[ρa
†
j , ak] + h.c.}. (16)
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where
Fi,j(t) =
ˆ t
0
α1(t, s)fi,j(t, s)ds
Gi,j(t) =
ˆ t
0
α1(t, s)gi,j(t, s)ds
Ui,j(t) =
ˆ t
0
α2(t, s)ui,j(t, s)ds
Vi,j(t) =
ˆ t
0
α2(t, s)vi,j(t, s)ds (17)
and the details of the derivation can be found in Appendix A. In a special case that the bath
is at zero-temperature T = 0, n¯i = 0, the QSD equation reduces to
∂
∂t
ψt = (−iHs + Lz∗t − L†O¯1)ψt, (18)
Here the corresponding O operator becomes noise-independent,
O1(t, s) =
N∑
i=1
pi(t, s)ai, (19)
and the equations for the coefficients simplify as
∂
∂t
pi(t, s) = iωipi(t, s) + i[λipi+1(t, s) + λi−1pi−1(t, s)] +
N∑
j=1
l∗j pj(t, s)Pi(t), (20)
since Xj(t) and Y (t, s) are just zero in the case T = 0. Finally, the corresponding master
equation can be derived without using Heisenberg approach as
d
dt
ρ = −i[Hs, ρ] + {
N∑
i,j=1
liP
∗
j (t)[ai, ρa
†
j] + h.c.}. (21)
The exact master equation derived for the N -cavity model is valid for an arbitrary finite
temperature bath including the zero temperature case. Markov limit is obtained when the
correction function is represented by a δ-function. In the Markov limit, the time-dependent
coefficients in the exact master equation become constants. The equation reduce to the
standard Lindblad master equation [1]. This model serves as a good example showing that
the QSD approach is a very useful tool in deriving the non-Markovian master equation for an
N -body CV system. In the following two sections, we will discuss several interesting examples
with N = 2 and N = 3.
3 Two coupled cavities
In this and the next sections, we will show several interesting numerical results based on the
simple examples N = 2 and N = 3. According to the general QSD equation for N -cavity
model in Sec. 2, the zero-temperature non-Markovian QSD equation for the coupled two-
cavity model is obtained from Eq. (18) by setting L = a1+ a2 and O¯1(t) = P1(t)a1+P2(t)a2.
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Consequently, the corresponding master equation is described by Eq. (21) with the coefficients
given by Eq. (20).
Note that our derivations of the QSD and master equations are independent on the choice
of the environmental correlation functions α(t, s). For simplicity, all the numerical simulations
using the QSD equation are based on the Ornstein-Uhlenbeck noise defined as α(t, s) =
γ
2 e
−γ|t−s|. Clearly, the Ornstein-Uhlenbeck process recovers the standard Markov limit when
γ → ∞, α(t, s) → δ(t, s). One of advantage of using the Ornstein-Uhlenbeck noise is that
it allows us to observe the crossover properties of quantum dynamics from non-Markovian
to Markov regimes. A small γ typically represents a non-Markovian noise with the finite
memory time. Actually, the Ornstein-Uhlenbeck can be also simulated by “pseudo-mode”.
For example, in our two-cavity model, if only the second cavity is coupled to a Markovian
bath and the first cavity is coupled to the bath indirectly via cavity 2 (i.e., l1 = 0, l2 6= 0), it
is equivalent to the first cavity directly coupled to a non-Markovian bath with the Ornstein-
Uhlenbeck correlation function. This has been proved in Ref. [39].
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Fig. 1. Wigner functions for the two cavities are plotted at ωt = 0, ωt = 11, ωt = 22, and
ωt = 33. The initial state is chosen as the cat-state 1/
√
Z(|1〉 + |−1〉) ⊗ |0〉 . The parameters are
ω1 = ω2 = ω = 1, λ = 0, γ = 0.1.
Obviously, if the two coupled cavities form a closed system, namely, they are not coupled
to an environment, one can see the state transfer can be easily made through the mutual
coupling between the two cavities. In fact, if we choose the initial state of the first cavity
as the Schro¨dinger’s cat-like state |ψcat〉 = 1/
√
Z(|α〉+ | − α〉) (Z is a normalization factor),
while the second cavity is in the vacuum state, i.e., |ψ(0)〉 = 1/√Z(|α〉 + | − α〉)1 ⊗ |0〉2,
the cat-like state will be transferred to the second cavity from the first cavity after time tc:
|ψ(t = tc)〉 = |0〉1 ⊗ 1/
√
Z(|α〉 + | − α〉)2. This result can be simply proved by solving the
corresponding Fokker-Planck equation [40].
For the exact QSD equation or the master equation, we find that the non-Markovian
common bath can induce a mutual correlation between two cavities indirectly, and make the
cat-like state hop from one cavity to another even the two cavities are not interacting to each
other directly. Notably, this phenomenon of the memory-assisted transfer can be only observed
in a strongly non-Markovian environment. It is easy to show that the Markov environment will
quickly suppress the possibility of the state transfer due to the irreversible energy dissipation
to the environment. In Fig. 1, we plot the Wigner functions for the two cavities at different
time points. The regions with negative values reflect the quantum interference due to the
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coherent superposition of two wave packets. In a strongly non-Markovian case (γ = 0.1),
the cat-like state can be transferred to the second cavity from the first cavity without any
direct coupling between two cavities (i.e., λ = 0). As a comparison, it is noted that when
the environment is in a Markov regime (γ is large), the high fidelity transfer cannot happen
(the Markov case is not plotted in the figure). Since the dissipative process is dominant in
the Markov limit, the decoherence process suppresses the transfer process swiftly. Therefore,
the cat-like state may be destroyed by dissipation long before it can hop to the second cavity.
The numerical results show how a non-Markovian environment affects the quantum state
evolution.
4 Three coupled cavities
A more complicated example is the case of three coupled cavities. For N = 3, the system
Hamiltonian can be written as
Hs = ω1a
†
1a1 + ω2a
†
2a2 + ω3a
†
3a3 + λ1(a
†
1a2 + a1a
†
2)
+ λ2(a
†
2a3 + a2a
†
3) + λ3(a
†
1a3 + a1a
†
3), (22)
This model allows us to consider two types of boundary conditions. In the case of the open
boundary condition (OBC), we have λ1 = λ2 = λ, λ3 = 0. In contrast, in the case of
the periodic boundary condition (PBC), we have following constraints: λ1 = λ2 = λ3 = λ.
According to the QSD equation for the general N -cavity model discussed in Sec. 2, the exact
QSD equation and the corresponding master equation are given by Eq. (18) and Eq. (21),
when L = a1+a2+a3 and O¯1 = P1(t)a1+P2(t)a2+P3(t)a3. The coefficients can be determined
by Eq. (20). The exact QSD equation and master equation will serve as a powerful tool in
our study on the properties of the non-Markovian dynamics under two different boundary
conditions.
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Fig. 2. Time evolution of fidelities. (a) is for the case of PBC, and (b) is for the case of OBC.
The red (solid), green (dashed), blue (dash-dotted) lines are the fidelities F(1), F(2), and F(3) for
cavities 1, 2, 3, respectively. The parameters are ω1 = ω2 = ω3 = ω = 1, λ = 1, γ = 0.2.
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Fig. 3. Wigner functions for three-cavity system with the OBC at different time points. The
initial state is chosen as 1/
√
Z(|1〉+ |−1〉)⊗ |0〉 ⊗ |0〉 . The parameters are ω1 = ω2 = ω3 = ω = 1,
λ1 = λ2 = 1, λ3 = 0, γ = 0.2.
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Fig. 4. Wigner functions for three-cavity system with the PBC at different time points. The
initial state is chosen as 1/
√
Z(|1〉+ |−1〉)⊗ |0〉 ⊗ |0〉 . The parameters are ω1 = ω2 = ω3 = ω = 1,
λ1 = λ2 = λ3 = 1, γ = 0.2.
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4.1 Cat-like state transfer under different boundary conditions
We have already showed that the cat-like state 1/
√
Z(|α〉 + | − α〉) can be transferred from
one cavity to the other both analytically and numerically in the case of N = 2. However,
the cat-like state transfer can also be realized in the N = 3 case. Moreover, the model of
three coupled cavities allows two different boundary conditions that will profoundly affect the
effect of state transfer. In Fig. 2, fidelities are plotted for three cavities under two different
boundary conditions. The fidelities are calculated as F (i) = max{θ}[〈ψ(R)cat (θ)|ρ(i)(t)|ψ(R)cat (θ)〉],
where |ψ(R)cat (θ)〉 = 1/
√
Z(|αe−iθ〉+|−αe−iθ〉) is the rotated cat-like state, ρ(i)(t) is the reduced
density matrix for the cavity i, and F (i) is the fidelity for the cavity i. Since the cat state may
rotate in time evolution no matter with or without an environment, so all the rotated cat-like
state |ψ(R)cat (θ)〉 for any given θ can be considered as a transferred cat-like state. Therefore,
we calculate the maximum fidelity between ρ(i)(t) and |ψ(R)cat (θ)〉 for all possible θ. From the
curves of fidelities in Fig. 2, it is shown that in the case of PBC, the fidelity will increase
and reach to 1 only in the first cavity. In the case of OBC, the fidelity of the third cavity
can be close to 1 at ωt ≈ 2.2, which means that the cat-like state is transferred into the
third cavity. It is worthwhile to point out that, in the case of OBC, the cat-like state will
only be transferred from cavity 1 to cavity 3. That is, the state of the cavity 2 will never
be a cat-like state. Intuitively, in the case of OBC, two cavities at the end points of a chain
are symmetric while the middle cavity is in a unique position. In contrast, for the case of
PBC, the cat-like state never transfer into other cavities since the other two cavities are in
the symmetric positions. The state has an equal probability to be one of the two cavities, so
none of two cavities cannot be in the cat state at the same time. Therefore, one will expect
that the cat state will experience a decay-revival process in the initial cavity. To examine
this more explicitly, in Fig. 3 and Fig. 4, we plot the Wigner functions for each cavity in the
three-cavity model with OBC and PBC. The time evolution of the Wigner functions shows
that the cat-like state can transfer into cavity 3 at ωt = 2.2 in OBC case. However, in the
case of PBC, one only observes the decay and revival of the cat-like state in the first cavity
(initial cavity) at ωt = 2.04. Of course, the cat state will disappear completely in a long-time
limit due to the dissipation effect.
4.2 Entanglement transfer under different boundary conditions
As another interesting phenomenon, let us consider the entanglement transfer in the cavity
array. We choose the initial state of the three-cavity chain as |ψ(0)〉 = 1√
2
(|100〉 + |010〉)
(in Fock basis), where cavity 1 and 2 are entangled, but the combined cavity 1 and 2 are
separable from cavity 3. In the OBC case, the initial entanglement between cavity 1 and 2
will transfer to the combined system of cavity 2 and 3. Specifically, in Fig. 5 (OBC case), the
entanglement between cavity 2 and 3 will reach the maximum value at ωt ≈ 2.2. At the same
time point, the red line and green line in Fig. 5 show that cavity 1 become separable from
both cavity 2 and cavity 3. As a comparison, we see that, in the PBC case, the entanglement
between cavity 2 and 3 never reach 1. However, PBC case is shown to be more helpful to
the entanglement preservation. For example, the loss of entanglement degree in cavity 1 and
2 at ωt ≈ 4 is less than that in the case of OBC. In order to show the effect of asymmetric
properties on entanglement transfer, we break the symmetric by doubled the parameters ω2,
λ2, and l2. In Fig. 6, it is shown that the entanglement could also be transferred in PBC case
10 Title . . .
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Fig. 5. Time evolution of the negativity for all the three modes. The red (solid), green (dashed)
and blue (short-dashed) lines are entanglement (negativity) between cavities 1-2, 1-3 and 2-3,
respectively. The initial state is chosen as |ψ(0)〉 = 1√
2
(|100〉 + |010〉). The parameters are
ω1 = ω2 = ω3 = ω = 1, λ = 1, γ = 0.2.
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Fig. 6. Symmetry breaking. The red (solid), green (dashed) and blue (short-dashed) lines are
entanglement (negativity) between cavities 1-2, 1-3 and 2-3, respectively. The parameters ω2, λ2,
and l2 are doubled in the sub-figures form top to bottom respectively. The other parameters are
the same as Fig. 5 PBC case.
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by breaking the symmetric properties of the parameters.
5 Conclusion
In this paper, we have derived the time-local non-Markovian QSD for the coupled N -cavity
model embedded in a common bath without any approximation. Using the non-Markovian
quantum trajectory approach, we have successfully derived the exact master equation for
the N coupled cavity model in both the zero and finite-temperature bath cases. Based on
these exact evolution equations, we studied several interesting phenomena in the dynamic
evolution of the two-cavity and three-cavity cases. We studied the cat-like state transfer in
the coupled cavity array, and showed that a highly non-Markovian environment can induce
the cat-like state transfer (called the memory-assisted cat state transfer). In the three-cavity
example, we have studied the effect of boundary conditions on the cat-like state transfer and
the entanglement transfer. These examples are used to show that the non-Markovian QSD
approach is a highly valuable tool in characterizing the dynamics of a CV system. It is also
important to note that the stochastic approach used in this paper can be directly extended
to a generic multi-partite CV system with an arbitrary number of cavities.
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Appendix A
Deriving the non-Markovian master equation in the finite temperature case
In this section, we will provide details of deriving the finite temperature master equations
from the exact QSD equations. Following the Heisenberg approach [38, 37], one can deal with
the derivation of the exact master equation in the general case.
In the finite temperature case [22, 37], the total Hamiltonian in the interaction picture is
given by
H
(I)
tot (t) = Hs +
∑
i
(f∗i e
−iνitL†di + fieiνitLd
†
i ) +
∑
i
h∗i e
−iνitL†e†i + hie
iνitLei), (A.1)
Using the Heisenberg evolution equation, we can derive the dynamic equation for the following
operators as
di(t) = di − ifi
ˆ t
0
L(s)eiνisds, (A.2)
ei(t) = di − ih∗i
ˆ t
0
L†(s)e−iνisds, (A.3)
d†i (s) = d
†
i (t)− if∗i
ˆ t
s
L†(s
′
)e−iνis
′
ds′, (A.4)
e†i (s) = e
†
i (t)− ihi
ˆ t
s
L(s′)eiνis
′
ds′, (A.5)
For a single trajectory, the time evolution of the state of the system is governed by the
stochastic propagator of the systemG(t, z∗, w∗) = 〈z|〈w|Ut|0〉 as |ψ (t, z∗, w∗)〉 = G(t, z∗, w∗)|ψs (0)〉.
Applying Schro¨dinger equation to the whole system and noticing Eq. (A.2-A.5), we will find
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G(t, z∗, w∗) satisfies an equation similar to the QSD equation (5),
∂
∂t
G(t, z∗, w∗) =− iHsG+ Lz∗tG− L†
ˆ t
0
dsα1(t, s)〈z|〈w|UtL(s)|0〉
+ L†w∗tG− L
ˆ t
0
dsα2(t, s)〈z|〈w|UtL†(s)|0〉. (A.6)
From this dynamic equation, we can also define the O operators from the stochastic propagator
〈z|〈w|UtL(s)|0〉 = O1(t, s, z∗, w∗)G(t, z∗, w∗), (A.7)
〈z|〈w|UtL†(s)|0〉 = O2(t, s, z∗, w∗)G(t, z∗, w∗). (A.8)
In the most general asymmetric case (ωi, λi, li are all different), we need to introduce many
basis operators O1,i and O2,i to expand O operators as
〈z|〈w|Utai(s)|0〉 = O1,i(t, s, z∗, w∗)G(t, z∗, w∗), (A.9)
〈z|〈w|Uta†i (s)|0〉 = O2,i(t, s, z∗, w∗)G(t, z∗, w∗), (A.10)
It is obviously that O1 =
∑
i liO1,i, O2 =
∑
i l
∗
iO2,i. Then, instead of deriving the non-linear
differential equations of O operator with respect to t such as Eq. (12-15), we will derive
another set of differential equations with respect to the initial value s, and it will be showed
later that these equations are linear. Taking the derivative with respect to s of Eq. (A.9),
and noticing Eq. (A.2-A.5), one gets,
∂
∂s
O1,i = −iωiO1,i − iλiO1,i+1 − iλi−1O1,i−1
+w∗s l
∗
i −
∑
j
l∗i lj
ˆ s
0
ds′α1(s, s′)O1,j(t, s′, z∗, w∗)
−
∑
j
l∗i lj
ˆ t
s
ds′α2(s′, s)O1,j(t, s′, z∗, w∗). (A.11)
The same kind of equation for O2,i can be derived in a similar way. Thus, we have obtained
the differential equations for O1,i and O2,i with respect to s.
Recall the master equation derived in Ref. [37],
∂
∂t
ρ = −i[Hs, ρ] + [L,M{PtO¯†1}]− [L†,M{O¯1Pt}] + [L†,M{PtO¯†2}]− [L,M{O¯2Pt}].
(A.12)
Define
R1,i(t, s) =M{O1,iPt}, R2,i(t, s) =M{O2,iPt}. (A.13)
then, from Eq. (A.11), we will obtain,
∂
∂s
R1,i = −iωiR1,i − iλiR1,i+1 − iλi−1R1,i−1 +
∑
j
l∗i lj
ˆ t
0
ds′α∗2(s, s
′)R†2,j(t, s
′)
−
∑
j
l∗i lj
ˆ s
0
ds′α1(s, s′)R1,j(t, s′)−
∑
j
l∗i lj
ˆ t
s
ds′α2(s′, s)R1,j(t, s′), (A.14)
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with the initial condition R1(t, t) = aiρ. In the derivation above, the Novikov theorem
M{w∗sPt} =
ˆ t
0
ds′α∗2(s, s
′)M{PtO†2(t, s′, z∗, w∗)}
=
∑
i
li
ˆ t
0
ds′α∗2(s, s
′)R†2,i(t, s
′), (A.15)
is used. Similarly, equation for R2 can be derived as
∂
∂s
R2,i = iωiR2,i + iλi−1R2,i−1 + iλiR2,i+1 −
∑
j
lil
∗
j
ˆ t
0
ds′α∗1(s, s
′)R†1,j(t, s
′)
+
∑
j
lil
∗
j
ˆ t
s
ds′α1(s′, s)R2,j(t, s′) +
∑
j
lil
∗
j
ˆ s
0
ds′α2(s, s′)R2,j(t, s′), (A.16)
with the initial condition R2,i(t, t) = a
†
iρ. The solutions for R1, R2 should take the following
forms
R1,i =
∑
j
fi,j(t, s)ajρ+
∑
j
gi,j(t, s)ρaj , (A.17)
R2,i =
∑
j
ui,j(t, s)a
†
jρ+
∑
j
vi,j(t, s)ρa
†
j . (A.18)
Substituting Eq. (A.17-A.18) into Eq. (A.14-A.16), the equations for the coefficients can be
derived as
∂
∂s
fi,j = −iωifi,j − iλifi+1,j − iλi−1fi−1,j +
∑
k
l∗i lk
ˆ t
0
ds′α∗2(s, s
′)v∗k,j(t, s
′)
− l∗i lk
ˆ s
0
ds′α1(s, s′)fk,j(t, s′)− l∗i lk
ˆ t
s
ds′α2(s′, s)fk,j(t, s′) (A.19)
∂
∂s
gi,j = −iωigi,j − iλigi+1,j − iλi−1gi−1,j +
∑
k
l∗i lk
ˆ t
0
ds′α∗2(s, s
′)u∗k,j(t, s
′)
− l∗i lk
ˆ s
0
ds′α1(s, s′)gk,j(t, s′)− l∗i lk
ˆ t
s
ds′α2(s′, s)gk,j(t, s′) (A.20)
∂
∂s
ui,j = iωiui,j + iλi−1ui−1,j + iλiui+1,j −
∑
k
lil
∗
k
ˆ t
0
ds′α∗1(s, s
′)g∗k,j(t, s
′)
+ lil
∗
k
ˆ t
s
ds′α1(s′, s)uk,j(t, s′) + lil∗k
ˆ s
0
ds′α2(s, s′)uk,j(t, s′) (A.21)
∂
∂s
vi,j = iωivi,j + iλi−1vi−1,j + iλivi+1,j −
∑
k
lil
∗
k
ˆ t
0
ds′α∗1(s, s
′)f∗k,j(t, s
′)
+ lil
∗
k
ˆ t
s
ds′α1(s′, s)vk,j(t, s′) + lil∗k
ˆ s
0
ds′α2(s, s′)vk,j(t, s′) (A.22)
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with the initial conditions fi,j(t, t) = ui,j(t, t) = δij , gi,j(t, t) = vi,j(t, t) = 0.
Then, substituting Eq. (A.17-A.18) into Eq. (A.12), the final master equation will be
derived as it is shown in Eq. (16). Note that the coefficients F , G, U , V are determined by
f , g, u, v and the correlation functions αj(t, s) (j = 1, 2) as shown in Eq. (17).
